We present a comprehensive theoretical formulation for magneto-optical properties in narrowband-gap and zero-band-gap Hg Te-CdTe superlattices. It is found to be crucial that the details of the unique band structure be taken into account in full generality. Statistical factors also play a dominant role in the magneto-optical properties, since the location of the Fermi level determines which of the numerous possible processes will be observable in a given superlattice at a given temperature and magnetic field. When the calculated spectra are compared with recent data for semimetallic superlattices, we find that the theory accounts for nearly al1 of the wide range of unusual features which have been observed experimentally. These include double hole cyclotron resonances, both electron and hole cyclotron resonance in the low-temperature limit, the appearance of a second electron resonance at higher photon frequencies and a third at higher temperatures, and a step in the slope of the electron cyclotron mass as a function of temper ature.
The magneto-optical properties of HgTe-CdTe superlattices are quite complex.
Spectra for semimetallic superlattices, in particular, frequently display multiple transmission minima in both senses of circular polarization, that for which electron cyclotron resonance is active (CRA) and that for which it is inactive (CHI). While some of these transitions clearly correspond to electron and hole cyclotron resonance, it was initially surprising that there should be so many distinct lines, each having a different dependence on photon frequency and temperature.
The present work describes a detailed theoretical treatment of magneto-optical phenomena in HgTe-CdTe superlattices. It is found to be crucial that contributions by a large number of Landau levels and all parts of the Brillouin zone be integrated to obtain the final dependence of the optical absorption on magnetic field. It will be shown that there are at least three reasons to expect additional transmission minima in the far-infrared (FIR) spectra for narrow-band-gap HgTe-CdTe superlattices which would not be observable or resolvable in wider-band-gap materials. First, whereas interband (across-the-gap) and intraband (cyclotron resonance) transitions are normally easily distinguishable due to their greatly differing energy scales, in semimetallic samples they tend to occur in the same frequency regime and the two can be strongly coupled. Second of 3 x 10 cm has been employed, corresponding to the experimental value obtained from magnetotransport data on sample 1, whose magneto-optical properties will be discussed below. Although the nominal well thickness based on x-ray and growth-rate data was 64 A, both the transport and magneto-optical studies independently yielded fairly conclusive evidence that the superlattice was semimetallic.
According to the band-structure theory, this requires that the well must be at least 23 monolayers thick, i.e. , 74 A. We therefore use this value in the calculations, although it is unclear at present whether the relatively modest discrepancy of 10 A is due to uncertainty in the experimental characterization or to uncertainty in the input parameters to the calculated band structures. Shown for comparison with the t. heoretical electron and hole densities at zero magnetic field (solid curves) are experimental electron densities (points) from the magneto-transport dataiP (the dashed curves will be discussed below). At temperatures up to 20 K, the calculated intrinsic electron density n, = (np)~f ollows the two-dimensional (2D) dependence n; ac Te where the zero-temperature extrapolation of E& is approximately zero since the sample is semimetallic. The 2D form is appropriate at low temperatures because the HH1 band, which contains both the conduction-band minimum and the valence-band maximum, is nearly dispersionless. However, at higher temperatures the carriers begin to populate the E1 band, which has dispersion along the k, axis, and the 3D dependence on T is more -E 2k nearly followed: n; oc T3~e~~~. Furthermore, at temperatures above 20 K the plot of n;T~on a semilog scale yields a significant negative slope, i.e. , there is an apparent energy gap. This is because of the very large density of hole states at the secondary valence-band maximum. Even though the primary maximum at k = 0 is energetically favored, the density-of-states ratio is so large that the majority of holes reside at the secondary maximum for any temperature above 26 K, and over 90Fo occupy the large-k states when T ) 50 K. Since the statistical properties are then dominated by the secondary maximum, we expect n;(T) to behave as if there is an effective energy gap. The theoretical result 13 meV for the energy difference between the primary and secondary valence-band maxima may be compared with the experimental value 11 meV obtained from the slope of the data plotted in Fig. 2 Table   I .
B. CRI polarization
We first consider sample 3, whose calculated band structure at B = 0.1 T is shown in Fig. 1 the data at T = 5 K, and then discuss the temperature dependences. Although the low-temperature CRA minimum at hu = 5.41 meV (Fig. 11) is much weaker than the CRI minimum in Fig. 8 , the resonance is nonetheless clearly present in both the experimental and theoretical spectra. When her is increased to 10.44 meV (Fig.  12) ,~s the feature becomes much stronger, in agreement with the theoretical prediction. Furthermore, two distinct components, labeled o. and P in the figure, become resolvable. Figure 13 summarizes the experimental and theoretical dependences of the CRA resonant fields on photon energy at 5 K. Although the relative weakness of the minimum leads to more scatter in the data than in the CRI case, the agreement of the n resonance with the 0 -+ 1E (solid) theoretical curve is relatively good.
Similarly, the P resonance at 10.44 meV, indicated by the triangle in the figure, is in reasonable agreement with the -2'~1'E (d-ashed) curve.
The CRA data at T = 5 K may be understood as follows. At photon energies below 6 meV, where the resonant field is ( 0.1 T, the Fermi level is above the 0 level but below -2' at k, = 0 (see Fig. 1 ). The occupation statistics therefore strongly favor the interband a transition (0 -+ 1E) over the cyclotron resonance P transition ( -2'~-1'E). However, with increasing h~and hence increasing B, the Fermi level moves up (see Fig.  1 Fig. 5 ), leading eventually to dominance by the p resonance.
The temperature dependence of the cyclotron effective mass, which is directly proportional to the resonance field (m = eB"/u), is plotted in Fig. 14 The figure illustrates that one cannot uniquely define a "cyclotron mass" in the present system, since there are frequently multiple cyclotron transmission minima. Theory predicts that the cyclot, ron resonance energies for the first two higher-order transitions are nearly independent of T (see Fig. 5 ). As long as these processes dominate the y minimum, m~(T) has little slope. However, at temperatures above 40 K higher-order excited processes are expected to become important and m~b egins to increase. Higher temperatures lead to participation by transitions of higher and higher orderhe, nce the mass continues to increase (this is essentially a nonparabolicity efFect). Although the abrupt step in the slope of the experimental m~(T) occurs at 60 K rather than 40 K as in the theory, the two temperature dependences are quite similar qualitatively. The experimental and theoretical results for the o. minimum are also seen to be in reasonable agreement. The theory predicts an increase of rn™ with temperature due to the increase of the energy gap with T.
As is evident from Fig. 5 , the cyclotron energy for the lowest-order transition is far more sensitive to Ez than are the AE for higher-order transitions. Whereas rn and m~b oth increase with T, the reasons are quite different. The former occurs because AE for the particular ground state transition decreases with T, while the latter occurs because with increasing T the feature comes to be dominated by Landau levels of higher and higher order.
Finally, we consider briefly the apparent absence in the experimental spectra of obvious features related to higher-order interband processes. Figure 2 illustrates that at a given magnetic field, the lowest-order interband transition has a far smaller energy separation than do higher-order processes such as 1H~2E and -1'HÕ 'E. In Fig. 12 , the theoretical CRA minimum due to these particular transitions at 5 K and 1O.44 Fig. 12 ). Conspicuous by their absence from this list are any features related to higher-order hole cyclotron resonance processes. It is obvious from Fig. 3 
